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Abstract
Graph-based approaches for semi-supervised learning have received increasing amount of interest
in recent years. Despite their good performance, many pure graph based algorithms do not have
explicit functions and can not predict the label of unseen data. Graph regularization is a recently
proposed framework which incorporates the intrinsic geometrical structure as a regularization term.
It can be performed as semi-supervised learning when unlabeled samples are available. However, our
theoretical analysis shows that such approach may not be optimal for multi-class problems. In this
paper, we propose a novel method, called Spectral Regression (SR). By using spectral techniques,
we ﬁrst compute a set of responses for each sample which respects both the label information and
geometrical structure. Once the responses are obtained, the ordinary ridge regression can be apply to
ﬁnd the regression functions. Our proposed algorithm is particularly designed for multi-class problem.
Experimental results on two real world classiﬁcation problems arising in visual and speech recognition
demonstrate the eﬀectiveness of our algorithm.
1 Introduction
The problem of learning from labeled and unlabeled data (transductive learning and semi-supervised
learning) has attracted an increasing amount of attention in last decades [20], [7]. Recently, there are
considerable interest and succuss on graph based semi learning algorithms [3], [6], [8], [12], [13], [22], [24],
[25]. These approaches consider the graph over all the samples as a prior to guide the decision making.
However, many of these algorithms can only work in a transductive setting and do not naturally extend
to the semi-supervised case where novel test examples need to be classiﬁed.
Graph based learning methods are originally introduced in clustering and dimensionality reduction
which are usually referred as spectral clustering [1], [15], [21] and spectral dimensionality reduction [17],
[18], [2]. These spectral methods use information contained in the eigenvectors of a data aﬃnity (i.e.,
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1
item-item similarity) matrix to detect structure. Particularly, in c classes case, at least c−1 eigenvectors
are needed to capture the class structure [1], [15].
Recently, Belkin et al . [4] proposed a graph regularization framework for semi-supervised learning. In
this framework, a nearest neighbor graph is constructed to model the intrinsic geometrical structure of the
data space. The graph structure is then incorporated into the classiﬁcation problem as a regularization
term. As a result, many of the existing inductive algorithms (like SVM, Regression) can be extended to
semi-supervised learning by adding this geometrically based regularization term. Since these algorithms
are all inductive, they do not suﬀer from the out-of-sample extension problem [5]. Taking the graph
structure as a regularization term is essentially similar to use only the largest eigenvector of the aﬃnity
matrix. However, in multi-class situations, the nearest neighbor graph constructed from unlabeled data
is multi-class structured in nature. Previous studies in spectral clustering show that multiple eigenvectors
are required to characterize the spectral properties of such graphes [1], [15]. Thus, treating the graph as
a regularization term is not optimal for multi-class problem.
In data mining, one often confronts with huge amount of data. The eﬃciency is a key issue for data
mining applications and an eﬃcient classiﬁcation algorithm is always expected. The least square classiﬁer,
also called regression in statistics, is one of the fastest classiﬁcation algorithm. In text classiﬁcation, it
has been shown that ridge regression can get comparable performance to SVM [23], [14].
In this paper, we show that how to combine the ordinary regression with the spectral graph analysis
to produce a uniform approach for learning from examples (labeled or unlabeled). We call this approach
Spectral Regression (SR). Speciﬁcally, the labeled samples, combined with the unlabeled samples, are
used to build a graph incorporating label information as well as neighborhood information of the data
set. The spectral embeddings of the graph naturally characterize these information and are used as
responses in the following regression.
The points below highlight several aspects of our approach:
1. Our algorithm provides a uniform approach for learning from examples. When all the samples are
labeled, SR gives a solution of Regularized Discriminant Analysis [10]. When all the samples are
unlabeled, SR gives a natural out-of-sample extension (linear or kernel) for many spectral clustering
and embedding techniques [2][15].
2. In multi-class situation, the nearest neighbor graph constructed from unlabeled data is naturally
multi-class structured. Previous studies show that multiple eigenvectors are required to characterize
the spectral properties of such graphes [9][15]. Thus, those approaches which take the graph as
a regularization term fail to handle multi-class problem. Our algorithm is designed to naturally
handle such multi-class problem.
3. Since the neatest neighbor graph is sparse, the computation of our algorithm can be very eﬃcient.
4. Our algorithm can be performed either in linear space or reproducing kernel Hilbert space (RKHS)
which leads to kernel spectral regression.
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The rest of this paper is organized as follows. In Section 2, we provide a brief review of regression.
We introduce our spectral regression algorithm for semi-supervised learning in Section 3. The theoretical
analysis of our algorithm is provided in Section 4. The experimental results are presented in Section 5.
Finally, we conclude the paper and provide suggestions for future work in Section 6.
2 A Brief Review of Regression
In this section, we give a brief review of regression and diﬀerent kinds of regularization, particularly,
graph regularizer for semi-supervised learning.
2.1 Linear Regression
Suppose we have m data points with responses (x1, y1), · · · , (xm, ym), xi ∈ Rn, yi ∈ R. Let X =
[x1, · · · ,xm]. Linear regression aims to ﬁt a function
f(x) = aTx+ b
such that the residual sum of square is minimized:
RSS(a) =
m∑
i=1
(
f(xi)− yi
)2 (1)
For the sake of simplicity, we append a new element “1” to each xi. Thus, the coeﬃcient b can be
absorbed into a and we have f(x) = aTx. Let y = [y1, · · · , ym]T . We have
RSS(a) =
(
XTa− y)T (XTa− y)
Requiring ∂RSS(a)/∂a = 0, we obtain:
a = (XXT )−1Xy (2)
When the number of features is greater than the number of samples, the matrix XXT is singular and
the problem (1) is ill posed. A possible solution is to impose a penalty on the norm of a:
RSSridge(a) =
m∑
i=1
(
aTxi − yi
)2 + α‖a‖2 (3)
The solution to Eq. (3) is given below:
a =
(
XXT + αI
)−1
Xy (4)
where I is a n×n identity matrix. It is clear to see that XXT +αI is no longer singular. The term ‖a‖2
in Eq. (3) is called Tikhonov regularizer [19]. In statistics, such regression is called ridge regression [11].
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2.2 Regression with Graph Regularization for Semi-Supervised Learning
The Tikhonov regularizer in ridge regression is data independent. For diﬀerent applications, we can
also develop data dependent regularizer [10]. Recently, Belkin et al . [4] proposed a graph regularization
framework which allow us to exploit the geometry of the marginal distribution. In semi-supervised
situation, the nearest neighbor graph (graph Laplacian [9][2]) can be used to estimate the geometric
marginal distribution. Thus, regression with graph regularizer can naturally be used for semi-supervised
learning.
Given a set of l labeled examples {(xi, yi)}li=1 and a set of m − l unlabeled examples {xi}mi=l+1, we
try to estimate an unknown function by minimizing
f∗ =argmin
(
l∑
i=1
(
f(xi)− yi
)2 + α‖f‖2
+ β
m∑
i,j=1
(
f(xi)− f(xj)
)2
Wij
)
=argmin
l∑
i=1
(
f(xi)− yi
)2 + α‖f‖2 + βfTLf
(5)
where Wij are edge weights in the data adjacency graph, f = [f(x1), · · · , f(xm)]T , and L is the graph
Laplacian given by L = D −W . D is a diagonal matrix with its (i, i)-element equals to the sum of the
i-th column of W .
Since W is the weight matrix of the adjacency graph, bigger weight of Wij , closer of samples xi and
xj . Minimizing the graph regularizer
m∑
i,j=1
(
f(xi)− f(xj)
)2
Wij
is trying to ﬁnd the function f which has similar values for those close data samples. Thus, the graph
regularizer is reasonable and natural for semi-supervised learning. The same idea also plays a key role
in spectral dimensionality reduction and spectral clustering [2][15].
When a linear function f(x) = aTx is required, we have
a∗ =argmin
l∑
i=1
(
aTxi − yi
)2 + α‖a‖2 + βaTXLXTa
=
(
X1X
T
1 + αI + βXLX
T
)−1
X1y
(6)
where X1 = [x1, · · · ,xl], X = [x1, · · · ,xm] and y = [y1, · · · , yl]T .
The experiments on several binary classiﬁcation tasks showed the eﬀectiveness of such graph regu-
larizer for semi-supervised learning [4]. However, there are two drawbacks of this approach when we
consider large scale, multi-class semi-supervised learning problems.
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(b) L
Figure 1: The ideal W and L for six samples which belong to 3 classes
• The manifold regularization term tries to seek a function which minimize fTLf. Apparently, such
function will make f close to the minimum eigenvector of L. However, it has no discriminating
power on diﬀerent f’s when these f’s give the same value of fTLf. Take the ideal W of 6 samples in
Figure 1(a) as an example. These 6 samples belong to 3 classes and the L is shown in Figure 1(b).
We would expect the ideal f has diﬀerent values for diﬀerent classes. Clearly, [−1,−1, 0, 0, 1, 1]T is
such one. However, [1, 1, 0, 0, 0, 0]T ,[0, 0, 1, 1, 0, 0]T and [0, 0, 0, 0, 1, 1]T all give the same minimum of
fTLf. Actually, all the vectors in the space spanned by these three vectors give the same minimum
of fTLf. When unlabeled data is incorporated into the graph, the graph might be intrinsically
multi-class structured. However, a single eigenvector can never capture this multi-class structure.
• The explicit function f can be either linear or a function in RKHS. A linear function can be repre-
sented as f(x) = aTx, a ∈ Rn. A function in RKHS can be represented as f(x) =∑mi=1 αiK(x,xi),
where K is a Mercer kernel. Thus, fTLf can be written as aTXLXTa in linear case or αTKLKα
in kernel case, where the i-th column of X is xi and α = [α1, · · · , αm]T . Although L is usually a
sparse matrix, the XLXT will be a n×n dense matrix and KLK will be a m×m dense matrix. For
high dimensional data like text, both these two matrices could be very large when a large amount
of unlabeled examples exist. Such large dense matrices will cause problems in both memory storage
and computation, which restricts such approach to extend to large scale.
These two observations motivate us to develop more eﬃcient algorithm which can naturally handle
large scale multi-class semi-supervised learning problem.
3 Regression with Spectral Analysis
In this section, we introduce a novel algorithm, called Spectral Regression, which combines the spectral
graph analysis and ordinary regression to produce a uniform approach for learning from examples (labeled
and unlabeled). We begin with a formal deﬁnition of the problem of semi-supervised learning.
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3.1 The Problem
Given a labeled set x1,x2, · · · ,xl and an unlabeled set xl+1,xl+2, · · · ,xm in Rn. These samples are
belong to c class and lk is the number of labeled samples in the k-th class (
∑c
k=1 lk = l). The goal is to
ﬁnd a classiﬁer which can predict the label of both unlabeled data and unseen data.
It is important to note that we are expecting to predict the label of unseen data. Thus, an explicit
function either linear or a function in RKHS is necessary. Many of the existing pure graph based
approaches [3][24] fail to satisfy such requirement.
3.2 The Spectral Regression Algorithm
In Section 2.2, we give a brief analysis on graph regularizer to show that a single eigenvector can not
capture the multi-class structure of the aﬃnity matrix. Naturally, we need multiple eigenvectors.
When we use regression for supervised classiﬁcation, the response yi of sample xi can be set based on
the label of xi. In semi-supervised situation, the problem becomes how to get the responses of unlabeled
samples. In this paper, we argue that the eigenvectors of the aﬃnity matrix can be used as the responses
of regression. Such observation is the key of our spectral regression algorithm.
The algorithmic procedure of our spectral regression algorithm is stated below.
1. Constructing the adjacency graph: Let G denote a graph with m nodes. The i-th node
corresponds to the sample xi. We construct the graph G through the following three steps to
model the local structure as well as the label information:
(a) Put an edge between nodes i and j if xi is among p nearest neighbors of xj or xj is among p
nearest neighbors of xi.
(b) Put an edge between nodes i and j if xi shares the same label with xj .
(c) Remove the edge between nodes i and j if the label of xi is diﬀerent with that of xj .
2. Choosing the weights: W is a sparse symmetric m ×m matrix with Wij having the weight of
the edge joining vertices i and j.
(a) If there is no edge between i and j, Wij = 0.
(b) Otherwise,
Wij =
⎧⎪⎪⎨⎪⎪⎩
1/lk, if xi and xj both belong
to the k-th class;
δ · s(i, j), otherwise.
(7)
where δ ≤ 1 is the parameter to adjust the weight between supervised information and unsupervised
neighbor information. s(i, j) is a function to evaluate the similarity between xi and xj and we have
three variations.
6
(a) Heat kernel. [parameter σ ∈ R].
s(i, j) = e−
‖xi−xj‖2
2σ2
(b) Cosine weight. [no parameter].
s(i, j) =
xTi xj
‖xi‖‖xi‖
(c) Simple-minded. [no parameter].
s(i, j) = 1
3. Eigen-decomposing: Find y0,y1, · · · ,yc−1, the largest c generalized eigenvectors of eigen-problem
(chosen to be orthogonal to each other in the case of repeated eigenvalues):
Wy = λDy (8)
which D is a diagonal matrix with its (i, i)-element equals to the sum of the i-th column (or row,
since W is symmetric) of W . It is straightforward to show that the ﬁrst eigenvector is a vector of
all ones with eigenvalue 1 [9].
4. Regularized least squares: Find c − 1 vectors a1, · · · ,ac−1 ∈ Rn. ak (k = 1, · · · , c − 1) is the
solution of regularized least square problem:
ak =argmin
a
(
l∑
i=1
(aTxi − yki )2
+
m∑
i=l+1
(γaTxi − yki )2 + α‖a‖2
) (9)
where yki is the i-th element of yk and γ ≤ 1 is a parameter to adjust the weight of unlabeled
samples. Let X˜ = [x1, · · · ,xl, γxl+1, · · · , γxm], the above regularized least square problem can be
rewrite as:
ak = argmin
a
(
‖X˜Ta− yk‖2 + α‖a‖2
)
(10)
The close form solution of ai is given by
ak = (X˜X˜T + αI)−1X˜yk (11)
When n is large, some eﬃcient iterative algorithms [16] can be used to solve the above regularized
least square problem.
5. Classification in c − 1 dimensional subspace: Let A = [a1,a2, · · · ,ac−1], A is a n × (c − 1)
transformation matrix. The samples can be embedded into c− 1 dimensional subspace by
x→ z = ATx (12)
The classiﬁcation is based on the distances of a test example to the class centroids in the c − 1
dimensional subspace.
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4 Theoretical Analysis
In this section, we provide theoretical analysis of our algorithm. We ﬁrst analyze our algorithm from two
extreme cases: supervised setting and unsupervised setting. Then the properties of spectral regression
in semi-supervised setting are analyzed.
4.1 Spectral Regression in Supervised Setting
In supervised situation, all the training samples are labeled, we have l = m. To simplify our exposition,
we assume that the data points {x1, · · · ,xm} are ordered according to their labels. Let W (k) be a lk× lk
matrix with all the elements equal to 1/lk. We can easily see that the W in the second step of our
algorithm has block-diagonal structure
W =
⎡⎢⎢⎢⎢⎢⎣
W (1) 0 · · · 0
0 W (2) · · · 0
...
...
. . .
...
0 0 · · · W (c)
⎤⎥⎥⎥⎥⎥⎦
Thus, we have D = I and our generalized eigen-problem (8) reduces to an ordinary eigen-problem
Wy = λy (13)
Since the W is block-diagonal, its eigenvalues and eigenvectors are the union of the eigenvalues and
eigenvectors of its blocks (the latter padded appropriately with zeros). It is straightforward to show
that W (k) has eigenvector e(k) ∈ Rlk associated with eigenvalue 1, where e(k) = [1, 1, · · · , 1]T . Also
Rank(W (k)) = 1, there is only one non-zero eigenvalue of W (k). Thus, there are exactly c eigenvectors
of W with the same eigenvalue 1. These eigenvectors are
yk = [ 0, · · · , 0︸ ︷︷ ︸
 k−1
i=1 li
, 1, · · · , 1︸ ︷︷ ︸
lk
, 0, · · · , 0︸ ︷︷ ︸
 c
i=k+1 li
]T k = 1, · · · , c (14)
If the above {yk} are taken as the responses for regression, we can immediately see that it is the one-
against-rest approach for extending a binary classiﬁer to multi-class case.
Actually, a subtlety needs to be addressed here. Since 1 is a repeated eigenvalue of W , we could
just pick any other c orthogonal vectors in the space spanned by {yk}, and deﬁned them to be our c
eigenvectors. The vector of all ones is naturally in the spanned space. Such vector is useless since the
responses of all the data points are the same. In reality, we can always pick the vector of all ones as our
ﬁrst eigenvector and use Gram-Schmidt process to orthogonalize the remaining eigenvectors. The vector
of all ones then can be removed which leaves us c− 1 response vectors.
It is also important to note that the value of i-th and j-th position of any vector y in the space
spanned by {yk} will have the same value as long as xi and xj belong to the same class.
The above analysis shows that in supervised setting, our algorithm is essentially similar to extending
ridge regression, a binary classiﬁer, to multi-class situation with one-against-rest approach.
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4.2 Spectral Regression in Unsupervised Setting
When all the data points are unlabeled, W in the second step of our algorithm gives us a p-nearest
neighbor graph. Let L = D −W , it is easy to check that the largest eigenvectors of eigen-problem (8)
will be equivalent to the smallest eigenvectors of Ly = λ′Dy since
Wy = λDy
⇒ (D − L)y = λDy
⇒ Ly = (1− λ)Dy = λ′Dy
(15)
Clustering by using the top eigenvectors of a matrix derive from the distance between points (largest
eigenvectors of Eq. (8) or smallest eigenvectors of Eq. (15)), so called spectral clustering methods,
recently received a lot of interests [1], [2], [21], [15]. But despite their empirical successes, there is still no
theoretical proof on which eigenvectors to use and how to derive clusters from them. Those eigenvectors
also play a key role in our algorithm, we provide here a informal analysis on how many eigenvectors we
should use when there exist c classes. Our analysis is based on graph partitioning.
We consider the problem of dividing the graph G into c disjoint subgraphs, G1, · · · ,Gc, such that
G = G1 ∪ · · · ∪ Gc and Gk ∩ Gp = ∅, k = p. The min-cut criteria can be stated as follows:
min
G1,··· ,Gc
⎛⎝∑
i∈G1
∑
j∈G2
Wij + · · ·+
∑
i∈Gc−1
∑
j∈Gc
Wij
⎞⎠ (16)
where W is the weight matrix of graph G. Now, let’s recall the objective function of Lapalcian
Eigenmaps [2], which is also the objective function for many spectral clustering algorithms:
min
∑
ij
‖Yi − Yj‖2Wij (17)
It is easy to verify that Eqn (17) gives the same solution of Eqn (16) as long as Yi’s satisfy two conditions:
(1) ‖Yi − Yj‖ = 0 if xi and xj belong to the same subgraph; (2) ‖Yi − Yj‖ = d, d is a constant for any
xi and xj as long as they belong to diﬀerent subgraph. To fulﬁl such requirement, we can immediately
see the label vector Yi’s reside on the vertices of the standard (c− 1)-simplex, i.e., Yi should be at least
c− 1 dimension. Let Y = [Y1, · · · , Ym]T . By relaxing the elements of Y to take real values. The column
vectors of optimal Y will be given by the c− 1 smallest eigenvectors of eigen-problem [2]:
Ly = λDy.
The above informal analysis shows that we need at least c− 1 (after removing the ﬁrst all ones trivial
eigenvector) smallest eigenvectors of L to reveal the c class structure. Such analysis is consistent with
previous study on spectral clustering [1][15]. Also, our analysis in the previous section shows that when
the label information are available, we can use exactly c− 1 eigenvectors to reveal the class structure.
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It is also important to note that many spectral clustering algorithms [1], [15], [21] and spectral
dimensionality reduction algorithm [2] do not have explicit embedding function, thus can not be applied
to unseen data. Our approach provides natural out-of-sample extensions to Laplacian Eigenmap [2] and
several other spectral clustering algorithms [15], [21].
4.3 Spectral Regression in Semi-Supervised Setting
Now we are ready to discuss some properties of our algorithm in semi-supervised situation. Particularly,
we are interested in the impact of parameter δ (second step). We have the following proposition.
Theorem 1 Let y be one of the first c largest eigenvectors of eigen-problem (8), y = [y1, y2, · · · , ym]T .
Suppose two labeled points xi and xj share the same label. For any η > 0, there exists δ (parameter in
the second step of our algorithm) such that |yi − yj | ≤ η.
Proof Without loss of generality, we assume that the labeled data points {x1, · · · ,xl} are ordered
according to their labels, xi and xj belong to the ﬁrst class and there is l1 labeled points in the ﬁrst
class. The eigenvectors are normalized , i.e., ‖y‖ = 1.
The ﬁrst l1 elements in the i-th and j-th rows of W are 1/l1 and the next m− l1 elements are either
zero or δ · s(i, j) as deﬁned in Eq. (7). It is easy to check the rank of W is grater than c. Thus, y is an
eigenvector with non-zero eigenvalue, Wy = λDy. We have
yi =
1
λ
1
Dii
m∑
q=1
Wiqyq
=
1
λ
1
Dii
⎛⎝ 1
l1
l1∑
q=1
yq +
m∑
q=l1+1
Wiqyq
⎞⎠
(1 ≤ i ≤ l1)
Since s(i, j) ≤ 1, (∀ i, j) and ‖y‖ = 1, we have
Wiq ≤ δ, (q = l1 + 1, · · · ,m),
Wjq ≤ δ, (q = l1 + 1, · · · ,m),
Dii =
∑
q
Wiq ≤ 1 + (m− l1)δ,
Djj =
∑
q
Wjq ≤ 1 + (m− l1)δ,
|yi| ≤ 1, (i = 1, · · · ,m).
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Thus,
|yi − yj | =
∣∣∣∣∣ 1λ 1l1
l1∑
q=1
yq
(
1
Dii
− 1
Djj
)
+
1
λ
⎛⎝ 1
Dii
m∑
q=l1+1
Wiqyq − 1
Djj
m∑
q=l1+1
Wjqyq
⎞⎠∣∣∣∣∣
≤ 1
λ
1
l1
l1∑
q=1
|yq|
∣∣∣∣Djj −DiiDiiDjj
∣∣∣∣
+
1
λ
1
Dii
m∑
q=l1+1
Wiq|yq|+ 1
λ
1
Djj
m∑
q=l1+1
Wjq|yq|
≤ 1
λ
1
l1
l1∑
q=1
|yq|
(
2(m− l1)δ
)
+
2
λ
m∑
q=l1+1
|yq|δ
=
⎛⎝2(m− l1)
λl1
l1∑
q=1
|yq|+ 2
λ
m∑
q=l1+1
|yq|
⎞⎠ δ
≤
(
4(m− l1)
λ
)
δ
Given η > 0, we choose δ = ηλ/4(m− l1). Thus |yi − yj | ≤ η.
The above theorem shows that when δ is suﬃciently small, the responses of the labeled same class
points can be as close as possible. This property is reasonable and important since for classiﬁcation, either
supervised or semi-supervised, we always expect the labeled same class samples have same response. One
may ask how small of δ should enough. It mainly depends on the parameter p of the p-nearest graph
in the ﬁrst step as well as the number of labeled points. In reality, when we use set p = 5, δ = 0.05 is
suﬃciently small.
5 Experimental Results
In most of previous experiments for semi-supervised learning, the experimental setting is transductive.
That is, both the training and test set (without label information) are available during the learning
process. In reality, a more natural setting for semi-supervised learning is as follows. The available
training set contains both labeled and unlabeled examples, and the testing set is not available during the
training phrase, which we refer here as semi-supervised setting. In such case, many of recently proposed
graph based semi-supervised learning algorithms [24][25] can not be applied since they do not have out-
of-sample extension. The most recently work on manifold regularizer [4] provides a geometric framework
for semi-supervised learning and has natural out-of-sample extension. LapRLS and LapSVM are two
algorithms developed in this framework. Both of these two algorithms have the similar strategy to use
the unlabeled data and achieves similar results.
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Figure 2: 5 nearest neighbor graph of 2000 handwritten digit data examples (The ﬁrst 2000 examples in
MNIST training set). There are around 200 examples of each digit, ordered based on there labels. (a)
the whole graph; (b) the subgraph of the ﬁrst 500 data examples. Clearly, the nearest neighbor graph is
multi-class structured and reﬂects the class relationships of the data points to some extent.
In this section, we compared our Spectral Regression (SR) with LapRLS under semi-supervised setting
on two real world classiﬁcation problems arising in visual and speech recognition. For comparison reason,
we also show the result of Regularized Least Square (RLS), which will only use labeled data.
5.1 Adjacency Graph to Illustrate the Intrinsic Data Structure
In our spectral regression algorithm, we use an adjacency graph to model the manifold structure as well
as the label information. A good adjacency graph should be able to reﬂect the class relationships of the
data points to some extent. Figure (2) shows the 5 nearest neighbor graph of 2000 handwritten digit
data examples (The ﬁrst 2000 examples in MNIST training set). Clearly, the block structure (multi-class
structure) of the graph illustrates the intrinsic class relationship of the data points to some extent.
5.2 Handwritten Digit Recognition
The MNIST handwritten digit database1 was used in this experiment. The public MNIST database has
a training set of 60,000 samples, and a testing set of 10,000 samples. In our experiment, we take the ﬁrst
2,000 samples from the training set as our training set and the ﬁrst 2,000 samples from the test set as
our test set. In both training and test set, each digit has around 200 samples.
As we analyzed before, our algorithm is particularly suit for multi-class semi-supervised learning.
Thus, we designed two experiments. In the ﬁrst one, we take all the samples with number 8 and 9 to
form a binary classiﬁcation problem. In the second one, we classify all the 10 digits. LapRLS and RLS
1http://yann.lecun.com/exdb/mnist/
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(a) Binary classification on digit 8 and 9
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(b) Multi-class classification on all 10 digits
Figure 3: Error rate as a function of number of labeled samples on MNIST dataset.
will use the one against rest strategy.
A random subset with l (= 1, 2, 5, · · · , 40, 50) samples per digit from the training set were labeled and
the rest were left unlabeled. For each given l, we average the results over 20 random selection. In both
LapRLS and SR, we ﬁrst need to construct a p-nearest neighbor graph over all the training data. We
set p = 5 in all our experiments. In SR, the parameter δ was set to 0.05. We use cross validation on the
training set to select all the other parameters (α in all the algorithms, β in LapRLS and γ in SR).
In Figure 3(a), we compare three algorithms on the binary classiﬁcation task (classify digit 8 and
9). The following comments can be made: (a) All these algorithms can take advantage of more labeled
samples, which is important to the real-world classiﬁcation task. (b) Both LapRLS and SR utilized
the unlabeled samples and achieved signiﬁcant improvement over the purely supervised algorithm RLS,
especially when the number of labeled examples is small. (c) SR achieved better performance than
LapRLS. It suggests that incorporating both label and neighborhood information in the same graph
might be a better way for semi-supervised learning.
Figure 3(b) shows the performance of these algorithms on multi-class classiﬁcation task. It is not
surprising that LapRLS dose not show any improvement over RLS. In multi-class situation, the neighbor
graph is usually multi-class structured. LapRLS takes the graph as a regularization term for decision
function thus can not fully utilize the multi-class structure in the neighbor graph. Figure (4) shows the
test errors of LapRLS as a function of β. The results failed to suggest the usefulness of the manifold
regularizer in LapRLS for multi-class classiﬁcation. In contrast to LapRLS, SR uses the c−1 eigenvectors
of the graph which can fully captured the multi-class information.
5.3 Spoken Letter Recognition
This experiment was performed on the Isolet database (available from the UCI machine learning repos-
itory). The data set contains 150 subjects who spoke the name of each letter of the alphabet twice.
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Figure 5: Error rate as a function of number of labeled samples on Isolet dataset.
The speakers are grouped into sets of 30 speakers each, and are referred to as isolet1 through isolet5.
For the purposes of this experiment, we chose isolet1 which contains 1560 examples (60 examples per
class) as the training set, and test on isolet5 which contains 1559 examples (1 example is missing due
to the diﬃculties in recording). The experimental setting is the same as before. A random subset with
l (= 1, 2, 5, · · · , 40, 50) examples per letter from the training set were labeled and the rest were left
unlabeled. And for each given l, we average the results over 20 random selection.
Figure 5(a) shows the results on the binary classiﬁcation task (classify alphabet A and B) and Figure
5(b) shows the results on the multi-class classiﬁcation task. Both two semi-supervised algorithms LapRLS
and SR utilized the unlabeled samples and achieved signiﬁcant improvement over supervised RLS. SR
achieves better performance than LapRLS indicates the eﬀectiveness of our algorithm for semi-supervised
learning.
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6 Conclusion
In this paper, we propose a new semi-supervised learning algorithm called Spectral Regression. It com-
bined the ordinary regression with spectral graph analysis to provides a uniform approach for learning
from examples (labeled or unlabeled). Compared to most recent graph based semi-supervised learning
algorithms, our approach has natural out-of-sample extension and can well handle multi-class problems.
Another major advantage of our proposed algorithm over previous graph based semi-supervised learn-
ing algorithm [4] is that the memory requirement of our algorithm is signiﬁcantly less. In many application
involving large scale data sets, like web page classiﬁcation, previous graph based algorithms may fail due
to the large scale dense matrix computation.
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